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reentry trajectory tracking of hypersonic vehicle
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Abstract: In this paper, a computational acceleration method for nonlinear model predictive control is considered to
track trajectories for the reentry of hypersonic vehicles. First, a sequential quadratic programming algorithm is adopted to
transform the nonlinear optimal control problem into a linear optimal control problem with iterative differences. Then, a
block condensing method is applied to transform the long horizon problem into an optimal control problem with multiple
short intervals. The principle of duality is exploited to derive a two-layer iterative structure that consist of a Lagrange
multiplier optimization problem and segmented optimal control problems. As the nearby optimal problems is decoupled
by the iterative optimized Lagrange multiplier, they are computed in parallel. Finally, the control and Lagrange multipliers
are warm-started simultaneously to reduce the number of iterations and improve the solution speed. The simulation results
show that the solving speed of the controller is signi�cantly enhanced while maintaining the effective control performance.
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N � 1P
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[� x T (k + i jk)Q� x (k + i jk) +

� u T (k + i jk)R � u (k + i jk)]; (10)

�¦�] :

� x (k + i jk) = x (k + i jk) � x n (k + i ); (11)

� u (k + i jk) = u(k + i jk) � u n (k + i ); (12)
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s.t. x (k) = x k ; (14b)
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X4ï�H
	FE÷0;. �)�¾ MPC�é#� , �£K^
X�¾
X4ï�0�H�×�fL�NÈ
,´"r@� ,�;M’�û4ý�\�·G÷+X,´"r@��é#� .

3.2 �¿�¿�¿�G�G�G�¼�¼�¼!Q!Q!Q?ô?ô?ô�B�B�B1Ç1Ç1Ç#�#�#�

�j�¶"r@�B�MŽ4ï�W�0�H�×�fL�NÈ , �\�·G÷+X�¿�G
�¼!Q?ô�B1Ç#�. OÆ�xM0?±�i �ž4ÿP¼)L#{�0�‘ �M�û
E˜F)(x 0(k+ i ); u 0(k+ i )) , i = 0 ; � � � ; N � 1, 
XMPC
D� DZ �× �f ,´ �v �æ �; , �M �û �& �k L� NÈ ,´ )L #{ E˜ F)
(x 0(i ); u 0(i )) ; i = 0 ; � � � ; N � 1
���Aî5ž�j+a�70 
�×�f�>� 
̂XB���, �́M�û(æ�1AÑ1Ç�Ç�`,´E˜F) , 	£

u 0(i ) = u n (i ); i = 0 ; � � � ; N � 1; (15a)

x 0(0) = x (0); (15b)

x 0(i + 1) = f (x 0(i ); u 0(i )) ;

i = 0 ; � � � ; N � 1: (15c)


>5��&�k,´)L#{E˜F)
���'�
_�Ø�j�}�0�&�k�Ç�`
,´�0�HE˜F)�Ð�:�70 ,´4ø1��×�f
¼E˜F) , 	£�j

u 0(k + i jk) = u � (k + i jk � 1);

i = 0 ; � � � ; N � 2; (16a)

x 0(k + i jk) = x � (k + i jk � 1);

i = 0 ; � � � ; N � 1; (16b)

u 0(k + N � 1jk) = u n (k + N � 1); (16c)
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x 0(k + N jk) = x n (k + N ); (16d)

�Õ-p, 
X)L#{E˜F)LtF�F�>|4ï�W	FF��l�4*6 , �Ç�`�²

�;�H	FL�NÈ :

min
� x ;� u

N � 1P

i =0

1
2

(� x T
l (k + i )Q� x l (k + i ) +

� u T
l (k + i )R � u l (k + i ) +

� x T (k + i )Q� x (k + i ) +

� u T (k + i )R � u (k + i ) +

2� x T
l (k + i )Q� x (k + i ) +

2� u T
l (k + i )R � u (k + i )) ; (17a)

s.t.

x (k) = xk ; (17b)

� x l (k + i ) = x l (k + i ) � x n (k + i ); (17c)

� u l (k + i ) = u l (k + i ) � u n (k + i ); (17d)

� x (k + i ) = x (k + i ) � x l (k + i ); (17e)

� u (k + i ) = u(k + i ) � u l (k + i ); (17f)

� x (k + i + 1) = A l (k + i )� x (k + i ) +

B l (k + i )� u (k + i ); (17g)

� x (k + N jk) = 0 ; (17h)

� cmin 6
@C

@(x l (k); u l (k))

"
� x
� u

#

6 �c max ; (17i)

�¦�] : x l (k + i ), u l (k + i ) �_1\ l !QSQPF����&,´(æ

�1
¼�×�f�l ; � x , � u �j�ƒ�}F���E˜F)-("��¾�}�0!Q

F���E˜F),´
�	FGÿ . 4Ö�•Eé+|�l�i�ž�ƒ�}F���E˜F)�Î

�&�$�à , �¦%�Cã���;�£3+ : � cmin = cmin � C(x l ; u l ),
� cmax = cmax � C(x l ; u l ).

�6�:F QPL�NÈGý�É�j���;3W���’�? :

min
z

N � 1P

i =0

1
2

zT
k+ i H k+ i zk+ i + hT

k+ i zk+ i ; (18a)

s.t. E k+ i +1 zk+ i +1 = Ck+ i zk+ i ; (18b)

� x (k + N jk) = 0 ; (18c)

Dmin 6 D k+ i zk+ i 6 Dmax ; (18d)

�¦�] :

zk = [ � x T (k) � u T (k) ]T ;

H k =

"
Q 0
0 R

#

;

h k = [ 2� x T
l (k + i )Q 2� u T

l (k + i )R ];

E k = [ I 0];

Ck = [ A (k) B (k) ]:

�Y+X Q
»
¼�×�f�)(æ�1,´N´#{ , 
����6L�NÈF��0

!•	»5Y�j
�	5
[�×�f, �́H	FL�NÈ , �²�;�p/j :

min
�u

1
2

�u T H c �u + hT
c �u ; (19a)

s.t. G �u = 0 ; (19b)

Dmin 6 D c �u 6 Dmax ; (19c)

�¦�] : �u = [ � u T (k) � � � � u T (k + N � 1)]T ; H c,
h c, G , D c�_	»5Y.�Le , 
���FJE÷(æ�1�é0;F����Ç�` .
FJE÷"r@�B��H	FL�NÈ, 
����Ç�`�0�H,´�×�f���l�¿
�G� u (k + i ); i = 0 ; � � � ; N � 1, 
�!” , 
���FJE÷�$�à
�×�f , �Ç�` l +1 !QSQPF���, 	́ò63E˜F) , �²�;�p/j :

u l +1 (k+ i )= u l (k+ i )+� u (k+ i ); (20a)

x l +1 (k+ i +1)= f (x l +1 (k+ i ); u l +1 (k+ i )) ;

i =0 ; � � � ; N � 1; (20b)

FJE÷F���AÑ1Ç, -$�`Eî�`���Ê,´2î.ž�Ö�F65F���!Q�  ,
	£
��Ç�`B��H	FL�NÈ,´�0�H@� . 	ò63�·)^ [13]5��Ì ,
�\�·�6F���!Q� Aî5ž�j�h�l .

3.3 
‡
‡
‡	»	»	»5Y5Y5Y1Ç1Ç1Ç#�#�#�


XMPC�×�f1†+•�] , �×�f
˜�O�_�×�f�7���15�,´
�&L$L$LÄ, �$�?,´�×�f
˜�O�?
£-p�$2î4ö,´�×�f�ý�Œ ,

�����Q�3+5��W7- . �v�_ , �²�ÌN´#{�&L$�
�1�=
� , E³
�?,´�×�f
˜�O�J�,8$E³�J,´N´#{!•�  , �þ6<�Î�ÐAÑ1Ç
Gÿ. �j�¶5C@�F	/ý.�-. , �\�·�]G÷+X�¶
‡	»5Y�°�_��
Q�AÑ1ÇFO�Ö.

OÆ�x�6N´#{!•K¯N �6�j�J!å , !ÿ!å+a M !•4ô�@.
�wAîN �_
‡�W�? M ,´!“�=�  , �D�9 �N = N /M , �Ê�y
�H	F
�Gÿ�j

�z(i )=

2

6
6
6
6
6
6
4

� x (0; i )
� u (0; i )
� u (1; i )

...
� u (M � 1; i )

3

7
7
7
7
7
7
5

; i =0 ; � � � ; �N � 1; (21)

�¦�] : �¿
' fg (m; i ) = fg (Mi + m), �0
>Lf!å,´(æ
�1 �z( �N )�j � x (N ). 'f
>
����Ç� �̀6
‡, �́H	FL�NÈ

min
�z

�NP

i =0
(
1
2

�zT (i ) �H i �z(i ) + �hT
i �z(i )) ; (22a)

s.t. �E (i + 1) �z(i + 1) = �C (i ) �z(i ) + c(i ); (22b)

�z( �N ) = 0 ; (22c)

Dmin 6 �D (i ) �z(i ) 6 Dmax ; (22d)

�¯+X
‡	»5Y�°�_ , �6�H	FL�NÈEœ�’�j�§�9-(
<�×�f�¿
�G
¼G��6G÷�g(æ�1,´�H	FL�NÈ , �×�f5$�Ö�™�W,´
<�&
N´#{!•� �ÿ�A . #��?�` , �²�Ì�ÿ�°�h�0�g"r@� , AÑ1Ç�=
�r,´L�NÈ�ý'f�ˆ
X . 
�!” , �\�·G÷+X�)�¦(‹N¯#��•�$
�9�x
`"r@��:F QPL�NÈ. �6L�NÈGý�É�j���;�’�? :

min
�z

�NP

i =0
(
1
2

�zT (i ) �H i �z(i ) + �hT
i �z(i )) ; (23a)

s.t. �E (i + 1) �z(i + 1) = �C (i ) �z(i ) + c(i ); (23b)
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dmin 6 D b(i ) �z(i ) 6 dmax ; (23c)

�¦�] :

dmin = [ 0 D T
min ]T ;

D b(i ) = [ 0 �D T (i ) ]T ; i = 0 ; � � � ; �N � 2;

D b( �N � 1) = [ G( �N � 1) �D T ( �N � 1)]T ;

dmax = [ 0 u T
max ]T ;

G( �N � 1) �z( �N � 1) = �z( �N ):

�j�¶"r@�B��V4Ö�•,´�H	FL�NÈ , �Ê�y�²�;�ù�l�G
���-�  :

L ( �z; � ) =
�NP

i =0
(
1
2

�zT (i ) �H i �z(i ) + �hT
i �z(i )) +

�N � 1P

i =0
� T (i + 1)( � �E (i + 1) �z(i + 1) +

�C (i ) �z(i ) + c(i )) =
�NP

i =0
(
1
2

�zT (i ) �H i �z(i ) + �hT
i �z(i ) +

"
� (i )

� (i + 1)

#T "
� �E (i )

�C (i )

#

�z(i ) +

� T (i + 1) c(i )) ; (24)

�¦�] : �E (0) = �C ( �N ) = 0 , � (0) = � ( �N + 1) = 0 .

�i�ž�)�¦�W	Ï*6 , B�L�NÈ, �́)�¦L�NÈ�j

max
�

min
�z

�NP

i =0

1
2

( �zT (i ) �H i �z(i ) + �hT
i �z(i ) +

"
� (i )

� (i + 1)

#T "
� �E (i )

�C (i )

#

�z(i ) +

� T (i + 1) c(i )) ; (25a)

s.t. dmin 6 D b(i ) �z(i ) 6 dmax : (25b)

#��?�`B�L�NÈ�)�¾
�Gÿ �z(i )
��6/ë , 
�FJE÷�;�?
"r@�L�NÈ:

max
�

f � (� ) = max
�

�N � 1P

i =0
f �

i (� ); (26)

�¦�] :

f �
i (� ) = min

�z

1
2

( �zT (i ) �H i �z(i ) + �hT
i �z(i ) +

"
� (i )

� (i + 1)

#T "
� �E (i )

�C (i )

#

�z(i ) +

� T (i + 1) c(i )) ;

s.t. dmin 6 D b(i ) �z(i ) 6 dmax ; (27)

�_!ÿ�ZLf!å,´ QPL�NÈ.

�)�¦(‹N¯#�OÆ�x5	�* � ,´�M�û)L#{�l , 'f
>"r@�
�H	FL�NÈ(27), �ƒ � 5	�Ê�& , 
4Lf!åL�NÈ@�6V, 
�!”
�
���¦>|"r@� . 'f
> , �¯+X(‹N¯F����$�à � ,´�l , �½Gý�à
"r@�
4Lf!å�H	FL�NÈ , FJE÷F��� , �Ç�`�¤�ZL�NÈ,´�0

�H@�, 4ö8²
�	ò'—�·)^ [17]. �)�¾�H	FL�NÈ , �M�l,´F9

��)"r@�FO�Ö,´�¡
ý�=
��-?ö , 6<
X Q
»N´#{�×�fE÷
0;�] , -(Fë�&�k,´�0�H@�
X-(
<�&L$&é,´
�	F-(�)E³
�? , 
�!”
X"r@�E÷0;�] , 
����¯+X�}�0�&�k,´@��Œ�j

>�0�&�k,´�M�lF�>|'�
_�Ø , F��0!•�Ð��F����f�‹FO
�Ö.

�0
> , �×�f�˜,´AÑ1Ç#q0;�²�;�p/j :

!›!›!›PÚPÚPÚ 1 /ë4ïAÑ1Ç�70 E˜F)(x n ; u n );

!›!›!›PÚPÚPÚ 2 9ç
�O�>|� �̃ƒ�}(æ�1 x (k);

!›!›!›PÚPÚPÚ 3 9ç
��}�0�&�k�p�Ç�0�HE˜F) x � (i jk� 1),
i = k; � � � ; k + N � 1, u � (i jk � 1), i = k; � � � ; k +
N � 2, (�M�û�&�k k =0 �&
��j�70 E˜F) ), 	ú�70 �×
�f u n (k + N � 1), �¦AÑ1ÇF���E˜F) x 0; u 0;

!›!›!›PÚPÚPÚ 4 
XF���E˜F)LtF�4ï�W	F , AÑ1Ç�Ç�`�H	F
L�NÈ�], 	́ò� .�Le ;

!›!›!›PÚPÚPÚ 5 �6
‡AÑ1Ç	»5Y.�Le;

!›!›!›PÚPÚPÚ 6 �$�à	•�1 � ,´�l ;

!›!›!›PÚPÚPÚ 7 �¦>|"r@��6
‡�0�H�×�fL�NÈ (27);

!›!›!›PÚPÚPÚ 8 �i�ž�H	FL�NÈ,´@� � u , �¯+X�? (20)AÑ
1Ç�$�àF���E˜F) ;

!›!›!›PÚPÚPÚ 9 
XO�>|� �̃:�Ä+X u � (k)=[ � � (k); � � (k)]
�Œ�j�×�f , �$�à�ƒ�}�&�k�j k + 1 , F�
�1\ 2!• .

4 � � � �l�l�l�/�/�/-O-O-O
�\8²�¯+X� �l�/-OP¼Añ�×�f�˜,´�x�Ì . OÆ�x, +X�¾

�70 E˜F)+O�@
¼
X4ï�H	F,´3+5�	ò� �²>˜ 1�p/j .

>ž 1 �=0&	ø�¦
Table 1 Nominal coef�cients' values
	ò�  �l 	ò�  �l

href/m 7 254:24 a0 � 0:207
� ref/(kg � m� 3) 1:225 a1 1:676

Re/m 6 378 137 b0 � 0:07 854
m/kg 92 079 b1 � 0:352 9

g/(m � s� 2) 9:8 b2 2:04
S/m2 250

���:	ò� 
���FJE÷�ÎP¼�Ç�` . O�>|�˜,´�M�û(æ�1
��	ú�[1�-��7�i�ž�§�ƒO�>|�+�Ñ.ž�Ê , �\�·�¯+X,´� 
�ž�²>˜ 2�p/j ,

�i�ž>˜ 1	ò� 
¼>˜ 2� �ž , Aî�Ê�H	F-��7�j�ÕF��[
1�(æ�1 , FJE÷/ë4ïAÑ1Ç
����Ç�`O�>|�˜�½�•E÷0;�],´
�70 E˜F) , 5��Ì�²
. 1�p/j .

�i�ž(æ�1
¼�×�f,´Eé+|�‘�& , �6�W7-�7�7�],´�Ð
�s.�LeAî5ž�j

Q = diag f 0:01; 1:31� 104; 1:31� 104;

0:04; 1:31� 108; 1:31� 104g;

R = diag f 1:31� 104; 1:31� 104g: (28)
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�\�·OÆ�xFJE÷�/-O�ÎP¼63��
‡	»5Y1Ç#��)AÑ1ÇFO
�Ö,´��Q��x�Ì . �\ �·Aî5ž
*�Ê,´�M�û(æ�1B��� �j
[50m 0:05� 0:05� � 25m/s 0� 0� ], N´#{�&�� 10 s,
G÷�g
˜�O�j 0.1 s,
�!”N´#{!•� �j 100!• , �6�[FJE÷�h
?ô,´�˜G�	»5Y1Ç#�
¼
‡	»5Y1Ç#�"r@� , �¦�]
‡	»5Y1Ç
#��6�¤�ZE÷0;�6�j 10
‡ , !ÿ
‡�j 10!• , �Ç�`,´(æ�1
¼
�×�fE˜F)���~-(
< . �/-O�¯+X,´+e7A�4*6�˜�j�kNÁ
3 Ghz,´ AMD Ryzen 5 4600H,3+5��j�*�¾ Linux ,´
Deepin�ý�Œ3+5�, �T/ý�é#�,´AÑ1Ç6G�&�²
. 2�p/j .

>ž 2 �=0&EžF/,ºEï+‚�—�,
Table 2 Boundary conditions for nominal trajectory

�M�û �l 4ø1� �l

r (0) /m 55 745 + Re r (f )/m 6 415 044 + Re

� (0) /( � ) 56 � (f )/( � ) 74

� (0) /( � ) 13 � (f )/( � ) 28

v(0) /(m � s� 1) 5 273:5 v(f )/(m � s� 1) 2 727:7


 (0) /( � ) � 0:16 
 (f )/( � ) � 0:5

 (0) /( � ) 58:4  (0) /( � ) —
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Fig. 1 Nominal trajectory
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. 2 AÑ1Ç�&L$
Fig. 2 Computation time

�þ
. 2�]
���-;�` , 
‡	»5Y1Ç#�,´AÑ1Ç6G�&�£
w�=
�`�˜G�	»5Y1Ç#�,´�0	z , �D�0�W6G�&�•�?�¸�J , 
�!”

���
X�
Añ�×�f�x�Ì, �́õ�å�;�n:‡��Q�AÑ1ÇFO�Ö .

�0
> , FJE÷:É(©	‘5‡ Q��P¼Añ�*�¾
‡	»5Y�é#�,´
MŽ4ï�W Q
»N´#{�×�f,´�W7- . �9'—3� �7�ö , �6�M�û(æ
�1B���
¼"D�Ø	ò� B���Aî5ž�j>˜ 3�p/j .

F�>| 100!Q:É(©	‘5‡ Q�� , �Ç�`,´E˜F)
¼-(�Ä�×�f

�l�²
. 3�p/j .

>ž 3 3� �=�üB%�$�<�9
Table 3 3� standard deviations of dispersions

�6�3 3� �l �6�3 3� �l


 �̀óD
/ë /m � 100 O�>|D��´@� /( � ) � 0:1

4ÿ�Ö/( � ) � 0:1 8Z
A@�/( � ) � 0:1

4Ü�Ö/( � ) � 0:1 "D�Ø	ò�  /% � 10

FO�Ö/(m � s� 2) � 50 0ª"D�ö�Ö /% � 10

�þ
. 3�]
���-;�* , 
X�=
<,´�‘�&�; , �*�¾
‡	»5Y
�é#�,´MŽ4ï�W Q
»N´#{�×�f�˜ , 
w7-E³�­,´D�DZ�70 
E˜F). �v�_ , +a�¾MŽ4ï�W Q
»N´#{�×�f�) Q
»,´2î.ž
�W�9E³Q�,´M0"r , 
X3+5� Q
»B���E³�W,´�õ�å�; , E˜
F)�¦�=7-�f�‹�`�70 E˜F) , N´AÑ�²�Ì$+�Ð
8F2,´ Q
»
	ò� #{Gÿ
¼�`AÑE÷0; , �6�V�•�$�­, �́×�f�x�Ì .

5 5�5�5�AêAêAê
�\�·J¸�)Q�CµN#FOO�>|�˜,´�½�•E˜F)D�DZ�×�fL�

NÈ, 63<•�¶MŽ4ï�W Q
»N´#{�×�f,´AÑ1Ç�ÐFO�é#� . OÆ
�x , FJE÷�Ä+X�¿�G�¼!Q?ô�B1Ç#��6
X4ï,´MŽ4ï�W�0�H
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Fig. 3 Results of Monte Carlo simulation
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